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Abstract
We consider two dimensional nonlinear sigma models on few symmetric superspaces, which are supergroup manifolds of coset type. For those
spaces where one loop beta function vanishes, two loop beta function is calculated and is shown to be zero. Vanishing of beta function in all orders
of perturbation theory is shown for the principal chiral models on group supermanifolds with zero Killing form. Sigma models on symmetric
(super) spaces on supergroup manifold G/H are known to be classically integrable. We investigate a possibility to extend an argument of absence
of quantum anomalies in nonlocal current conservation from nonsuper case to the case of supergroup manifolds which are asymptotically free in
one loop.
© 2007 Elsevier B.V. Open access under CC BY license.1. Introduction
Two dimensional (2d) nonlinear sigma models (NLSM) on
supermanifolds, with and without WZ term, seemed to be ex-
otic objects, when they appeared in condensed matter physics
twenty years ago as an elegant calculational tool in problems
of self avoiding walks [1] and disordered metals [2]. Later on
they appeared in string theory context [3–5]. A progress in their
understanding might be especially important for the theory of
integer quantum Hall plateau transition [6,7] and disordered
systems [8], but this progress is very slow. Many difficulties
prevent a usage of standard technique in investigation of 2d
NLSM. One of them is unavoidable noncompactness of rele-
vant target space supermanifolds. Another one is a complicated
representation theory of the supergroups (their superalgebras),
where so called atypical representations play important, if not
the main, role [9]. An interest to 2d NLSM on supermani-
folds was renewed recently in string theory in the context of
ADS/CFT correspondence, when it was understood that some
ADS backgrounds can be described in terms of supercosets [10,
11]. For example, ADS5 ×S5 is nothing but (bosonic part of) the
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Open access under CC BY license.super coset PSU(2,2|4)/SO(1,4)×SO(5). Hyperactivity in at-
tempts to exploit integrability and methods of Bethe ansatz as a
calculational tool in checks of ADS/CFT correspondence (see,
e.g., reviews [12] and references therein), also supports this in-
terest, since both spin chains (on the gauge theory side) and 2d
NLSM (on the ADS side) appearing there, usually have a su-
pergroup symmetry. Some more examples of this kind appear
in the context of noncritical strings ADS/CFT correspondence
[13–15].
In this Letter we try to investigate aspects of conformal in-
variance and quantum integrability of 2d NLSM (without WZ
terms) on some symmetric supergroup manifolds. List of the
models we are interested in is the following. It starts from the
principal chiral models (PCM) on the basic supergroups Lie:
G = A(m|n),B(m|n),D(m|n),D(2,1;α),G(3),F (4). In ad-
dition we consider the following coset superspaces:
B(m|n)
B(k|l) × B(i|j) ,
B(m|n)
D(m|n) ,
D(m|n)
D(k|l) × D(i|j) ,
D(m|n)
A(m|n) ,
(1)D(2,1;α)
A(1) × A(1) × A(1) ,
G(3)
D(2,1;3) ,
F (4)
C(3)
,
where m = k+ i, n = l+j . In all these cosets the factor algebra
H is a maximal regular subalgebra of G. Regular subalgebras
of the basic Lie superalgebras were classified in [16]. All the
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els will serve as a laboratory in investigation of more realistic
ones, appearing both in condensed matter physics, and in string
theory.
One of the most interesting observations in this subject was
done in the paper [17], where it was shown that 2d NLSM
without WZ term (a PCM model) on the supermanifold with
PSL(n|n) symmetry is conformal in all orders of perturbation
theory. In [11] this result was obtained for PSU(2|2). The au-
thors of [17] pointed out the existence of a Casimir like chiral
algebra of the model, but a principal difficulties did not allow to
investigate the full spectrum of its representations. All the ma-
chinery of CFT is hardly applicable for these nonstandard 2d
CFTs, although in some cases CFT methods were successfully
applied [9,18,19].
As it is well known, any 2d NLSM on a symmetric space
is classically integrable (see, e.g., [20] and references therein).
Classical integrability expresses itself, in particular, in the pres-
ence of conserved nonlocal charges, or, in a more rigorous way,
in the presence of Backlund transform and spectral parameter
dependent Lax pairs. Generalization of the standard procedure
of nonlocal current construction to the symmetric superspace
case seems straightforward. It was shown for ordinary sym-
metric (nonsuper) spaces that on the quantum level, absence
of anomaly in these nonlocal current conservation is guaran-
teed only if the factor group of a coset is either simple [21,22]
or consists of a product of identical simple group by itself [23].
One can expect that the same feature will remain in the case of
symmetric superspaces. In this sense, the list of cosets above
represents a good candidates for quantum integrable models.
(one should consider the first and the third cosets with k = i
and l = j ).
Since the argument about presence/absence of anomaly in
nonlocal currents is based on the dimensions of operators cal-
culated as engineering dimensions, one should be sure these
dimensions are correct in the UV limit. In the ordinary (non-
super) case this is guaranteed by asymptotical freedom (posi-
tiveness of the beta function, at least in one loop) of 2d NLSM
on symmetric spaces. As we will see below, in general it is not
the case for symmetric superspaces. Requirement of asymptotic
freedom which we are going to impose in order to preserve an
ability to talk about naively calculated dimensions of the op-
erators, will restrict possible values of m in the list above to
be grater then n. So we start from calculation of one loop beta
functions for the above cosets. As we will see, part of them
D(n + 1|n), D(2,1;α), D(2n + 1|2n)
D(n + 1|n) × D(n|n) ,
(2)D(n + 1|n)
A(n + 1|n) ,
D(2,1;α)
A(1) × A(1) × A(1)
have zero one loop beta function. We extended our calcula-
tions to two loops and got zero. As we will show, the beautiful
proof of [17] that beta function is zero in all orders of per-
turbation theory, works in the same way for the superspaces
on the manifolds D(n + 1|n) and D(2,1;α). In [24] one loop
background field calculations of beta function were done for
some supercosets. Extension of all loops proof [17] to the super-cosets seems problematical, but two loops beta function calcu-
lation confirms that it is equal to zero. We calculate the central
charges of these cosets. Calculation of one loop beta functions
for the rest of the superspaces selects asymptotically free ones.
For them we analyze the quantum anomaly in the first non-
trivial nonlocal current conservation, and conclude that there
is no anomaly with a proper choice of regularization. So the
2d NLSM on the superspaces (1) are quantum integrable, and
moreover, those from the list (2) are conformal invariant.
2. Beta function in one and two loops
We start from a geometrical approach to background field
perturbation theory calculations of beta function for 2d NLSM
on a Riemannian supermanifold. We are going to discuss the
action
(3)S = 1
4π
1
λ2
∫
d2x Str
[(
G−1∂μG
)2]
where G is an element of supergroup (supercoset) manifold,
and Str is the supertrace. A review of the method and main re-
sults for nonsuper case one can find in [25]. Recall that usual
QFT background field methods should be modified being ap-
plied to 2d NLSM, if we wish to preserve target manifold Rie-
mannian covariance of calculations. One should expand the ac-
tion around the classical geodesic trajectory ρa on the manifold.
Then a result of calculations is expressed in terms of the basic
covariant object—curvature tensor Rabcd , their covariant deriva-
tives, and products with different kind of indices constructions.
In particular, the one loop beta function is proportional to the
Ricci tensor
(4)β(1)ab =
1
2π
λ2Rcacb =
1
2π
λ2Rab.
In general, only the one loop result is regularization scheme
independent, higher loops depend on regularization. In dimen-
sional regularization there exists the choice, for which the two
loop result looks in the simplest way:
(5)β(2)ab = −
2
3(2π)2
λ4Ra(cd)eR
e(cd)
b
where the parenthesis means the symmetrization over the in-
dices, and lowering/raising of indices is made by the manifold
metric/its inverse. In principle, all this technology of beta func-
tion calculation may be extended to the supermanifolds. For
definitions of the main objects of Riemannian geometry on su-
permanifolds see for example [26]. On the mathematical level
of rigorosity, there are some principal difficulties in basic defi-
nitions of supermanifolds (even on the level of charts self con-
sistency [27]). But there is a way to overcome these difficulties
in such a way that usual objects of Riemannian geometry will
be well defined [28,29]. The only difference in these objects
definitions from the nonsuper case is some extra minus signs re-
lated to the grade of corresponding supermanifold coordinate.
Carefully following all the steps of covariant background field
calculations described, for instance, in [25], we got the same re-
sult for beta function (4), (5), where R now is the Riemannian
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ture constants for supergroup manifold will be written below),
and additional minus signs, appearing in Feynmann diagrams
as a result of grade 1 fields loops propagators, are encoded in
the supermanifold metric used for indices constructions:
(6)β˜ab = 12π λ
2Rab − 23(2π)2 λ
4Ra(cd]eRe(cd]b .
Here ( ] means symmetrization if one of c and d is Grass-
mann even, and it means anti symmetrization if both of them
are Grassmann odd. We hope to describe this technical calcula-
tional details elsewhere.
We are going to apply this result to the supergroup manifold.
The basic supergroup structure is defined by its superalgebra
generators QA with structure constants f ABC :
[QA,QB ] = f CABQC
where the commutator is graded
[A,B] = AB − (−1)degAdegBBA.
In what follows we denote the Grassmannian grade of the co-
ordinate degA as |A|. Since we are dealing with regular subal-
gebras H , the root lattice of H is a sublattice of the root lattice
of G.1 In other words, the whole set of generators of G can be
divided into two subsets {QA} = {Qa} ∪ {Qi}—generators of
H ({Qi}), and generators of G/H ({Qa}). Following [26] (see
also [30], but in another setting) one can derive the curvature on
the coset superspace in terms of the structure constants:
Rabcd =
1
2
f abef
e
cd +
1
4
(−1)|b|(|c|+|d|)f acef edb
(7)+ 1
4
(−1)|d|(|b|+|c|)f adef ebc + f abif icd .
Due to the main property of symmetric superspaces [Qa,Qb] ⊂
H , all terms here but the last one, vanish. The Rici tensor de-
fined as Rab = (−1)|c|(|b|+1)Rcacb is proportional to the Killing
form. For the symmetric superspace case this property takes the
form
Rab = −(−1)|c|(|a|+|b|+1)f caif ibc
(8)= −(−1)|c|f caif ibc = −Kab.
An obvious but important for the future observation is that the
summation over i in the last formula may be extended on all
the superalgebra G: Kab = (−1)|c|f caDf Dbc . On the other hand,
it is well known that the last expression, considered as a rela-
tion on the whole superalgebra G, is nothing but C2δab , where
C2 is the value of the second Casimir operator evaluated on the
adjoint representation of the superalgebra G, i.e., the dual Cox-
eter number of G: Rab ∼ C2δab . The latter can be calculated
purely algebraically, since it is the value of the second Casimir
operator on the adjoint representation—the rep. with highest
weight with the higher root of G. So we have an important
1 Note that almost in all the supercosets from the list (1) one should use
nondistinguished Dynkin diagrams of G for realization of proper embedding
of the factor subalgebra H .Table 1
G A(m|n) (m = n) A(m|m) B(m|n) C(m + 1)
C2 2(m − n) 0 2(m − n − 12 ) −2m
G D(m|n) (m = n + 1) D(n + 1|n) D(2,1;α) G(3) F (4)
C2 2(m − n − 1) 0 0 6 2
simplifying statement: the one loop beta function on symmet-
ric (super)space G/H
β
(1)
ab = −
C2
2π
λ2δab
is proportional to the dual Coxeter number of G itself. This
statement is valid for nonsuper symmetric spaces as well. On
the other hand, the value of the second Casimir operator on any
representation of quotient of a (super)algebra G by its regular
subalgebra H with highest weight Λ, can be calculated using
the formula
(9)C = (Λ,Λ + 2ρ(G) − 2ρ(H))
where 2ρ(G) (2ρ(H)) is the sum of positive roots of G (H ).
Let us emphasise here that 2ρ(G) (2ρ(H)) depend on the par-
ticular form of usually nondistinguished Dynkin diagrams one
should use for the proper embedding of H into G. Change of
the Dynkin diagram for a given superalgebra changes also the
order of its roots, and hence, the sum of positive roots. Explicit
case by case analysis confirms the statement we did above: the
contribution of the term (Λ,2ρ(H)) with Λ the highest root
of G, vanishes for all the cosets from the list (1). The values
of dual Coxeter number for the basic Lie superalgebras, which
one can extract from, e.g., [31], we list in Table 1.
From Table 1 can see that if we are interested only in as-
ymptotically free 2d NLSM on supergroups and their maximal
regular supercosets (1) with a nonpositive beta function (non-
negative C2), one should reject the supergroup C(m). A(m|n)
(m = n) and B(m|n) can be taken only with m > n, and
D(m|n) (m = n + 1) is acceptable if m > n + 1. In addi-
tion A(m|m),D(n + 1|n),D(2,1;α) and their cosets from (1)
are candidates for conformal field theories. Moreover the case
A(m|m), which is the most popular in string oriented liter-
ature, was proven to be really conformal field theory in all
loops of perturbation theory. We are going to concentrate on
other cases. As we said, the values of C2 listed above are at
the same time the values for one loop beta functions for the
cosets of these supergroups (1). The cases of PCM models on
D(n + 1|n),D(2,1;α), and 2d NLSM on (2) are good candi-
dates to be CFTs exactly as it happened to A(m|m) [17]. In
order to check this statement one can try to calculate the two
loop beta function, using (5), for these supergroup manifolds
and their cosets from list (2).
With this goal, it is useful to work in matrix representations
of the superalgebras and their cosets. It is convenient to chose
the defining representation of D(n + 1|n), since in addition to
the minimal dimension, it gives an invariant nondegenerate bi-
linear form on the algebra by gAB = Str(EAEB), where EA are
the supermatrices of the algebra generators. They can be chosen
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(10)EIJ = GIKeKJ + (−1)(1+deg I )(1+degJ )GJKeKI .
Here I, J,K = 1, . . . ,4n + 2, (eIJ )KL = δIKδJL, and the or-
tosymplectic form in the supermatrix block form is
(11)G =
(
G˜ 0
0 G
)
.
The Grassmann even 2n × 2n matrix G will be chosen as
(12)G =
(
0 1n
−1n 0
)
and, for the moment, the (2n + 2) × (2n + 2) matrix G˜ we fix
as
(13)G˜ =
(
0 1n+1
1n+1 0
)
.
One can easily write down the (anti)commutation relations
for the generators (10) and read off from them the structure
constants. It is a straightforward (but not trivial) exercise (us-
ing Mathematica program) to check that not only (8), but also
the second term in (6) calculated from these structure constants
through (7), vanishes. For raising/lowering the indices neces-
sary in (6), one should use the metric gAB = Str(EAEB) and its
inverse defined on the generators (10).
The same (actually much easier) calculation may be done for
the D(2,1;α) Lie superalgebra. Here one can extract the struc-
ture constants for the generators T (a)i , i = 1,2,3, a = 1,2,3
(Grassmann even), and Fαβγ ,α,β, γ = 1,2 (Grassmann odd),
from the following (anti)commutation relations (see, e.g., [32])[
T
(a)
i , T
(b)
j
]= iδabεijkT (a)k ,[
T
(1)
i ,Fαβγ
]= 1
2
σ iμαFμβγ ,[
T
(2)
i ,Fαβγ
]= 1
2
σ iμβFαμγ ,[
T
(3)
i ,Fαβγ
]= 1
2
σ iμγ Fαβμ,
(14)
{Fαβγ ,Fμνρ} = CβνCγρ
(
Cσ i
)
αμ
T
(1)
i + αCγρCαμ
(
Cσ i
)
βν
T
(2)
i
− (1 + α)CαμCβν
(
Cσ i
)
γρ
T
(3)
i
where ε is totally antisymmetric tensor, σ i are the Pauli matri-
ces, and C = iσ 2 is the 2 × 2 “charge conjugation” matrix. The
invariant metric g on the algebra can be chosen as [32]
g
(
T
(a)
i ,Fαβγ
)= 0,
g
(
Fαβγ ,Fμνρ
)= CαμCβνCγρ,
(15)g(T (a)i , T (b)j )= − 12κa δij δab
with κ1 = 1, κ2 = α, κ3 = −1 − α. Again, the calculation of
the beta function in one and two loops with these structure con-
stants and supersymmetric bilinear nondegenerate form gives
zero.
If we now want to do the same calculations for the coset
superalgebras from the list (2), we have to find matrix repre-
sentation which will give possibility to divide all the generatorsof G into two parts—those which are generators of H , and the
rest ones. The latter are the generators of the coset. It can be
easily done for all the coset cases (2). The situation is the most
simple in the case of the coset D(2,1;α)
A(1)×A(1)×A(1) . Here we factor
out all the Grassmann even part of the algebra. It means that the
coset contains only the generators F from (14). Simple calcula-
tion of one and two loop beta function (6) through the structure
constants gives zero.
We explain the block structure of matrix realization of other
two cosets embedding from the list (2). We start from the
D(n+1|n)
A(n+1|n) . We chose the standard matrix realization of D(n +
1|n) as a 4n + 2 by 4n + 2 even supermatrix built from two
even diagonal blocks ((2n+2)×(2n+2) and 2n×2n), and two
nondiagonal Grassmann odd blocks. Generators were defined in
(10). We divide the matrix into 9 blocks. The rows and columns
are divided into 3 intervals: I : [1, n + 1], II: [n + 2,3n + 2],
III: [3n+ 3,4n+ 2]. One can see that generators of D(n+ 1|n)
which are nonzero in the block (II, II) (up to a linear trans-
form of diagonal Cartan subalgebra generators) form a matrix
realization of A(n + 1|n). Nonzero entries of generators in the
blocks (I, I ), (I, III), (III, I ), (III, III) just “copy” correspond-
ing entries of the same generator located in the block (II, II).
All of them should be reduced as elements of factor algebra
of the coset. The remaining generators of D(n + 1|n) have
nonzero elements located in the blocks (I, II), (II, I ), (II, III),
(III, II) and represent the generators of the coset. Similar but
more involved “chessboard” embedding can be constructed for
the coset D(2n+1|2n)
D(n+1|n)×D(n|n) . Consider n even case. We divide
rows and columns of the (8n + 2) × (8n + 2) even superma-
trix realization of D(2n + 1|2n) into 9 intervals: I : [1, n/2],
II: [n/2+1,3n/2+1], III: [3n/2+2,5n/2+1], IV : [5n/2+2,
7n/2 + 2], V : [7n/2 + 3,9n/2 + 2], VI: [9n/2 + 3,11n/2 + 2],
VII: [11n/2 + 3,13n/2 + 2], VIII: [13n/2 + 3,15n/2 + 2],
IX: [15n/2 + 3,8n + 2]. One can see that generators (10)
with nonzero elements in the blocks with odd interval coor-
dinate number—(I, I ), (I, III), . . . , (III, I ), . . .—form the sub-
algebra D(n + 1|n), whereas the generators with nonzero el-
ements in the blocks with even interval coordinate numbers
((II, II), (II, IV), . . .)—form subalgebra D(n|n). Remaining
generators with nonzero elements in the blocks with even–odd
and odd–even interval coordinates numbers represent the coset
generators.
Using the selected set of coset generators, one can find the
coset structure constants and calculate one and two loop beta
function using the Mathematica program. Again, calculations
give zero.
The proof of conformal invariance [17] in all loops of
perturbation theory can be repeated for the noncoset super-
manifolds from the list (2). As in [17], the main features of
the superalgebras D(n + 1|n) and D(2,1;α) which guaran-
tee the all loops conformal invariance are vanishing of the
dual Coxeter number, and existence of only one invariant
tensor of rank 3. Let us comment on the latter feature. The
full set of rank 3 tensors with indices a, b, c can be chosen
as StrXa StrXb StrXc, Str(XaXb)StrXc, Str(XaXc)StrXb,
Str(XbXc)StrXa , Str(X[a,XbXc]), Str(X(a,XbXc)), where ( )
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basis of generators is traceless, hence only last two tensors may
be nonzero. Using the relation GX = −XstG, one can eas-
ily show that the last tensor vanishes, as well as all other odd
rank totally symmetric invariant tensors. For D(2,1;α) one
can check this fact using explicit form of the generators (14).
Hence we are left with only one invariant tensor of rank 3:
Str(X[a,XbXc]) and it is proportional to the structure constants.
(Invariance of the structure constant as a tensor is nothing
but the Jacobi identity.) Unfortunately we did not succeed to
generalize this proof of all loops conformal invariance to the
supercoset case. But we consider one and two loops confor-
mal invariance discussed above as a good evidence for all loops
conformal invariance of the supercosets from the list (2).
3. Central charges
A two dimensional quantum conformal field theory contains
the symmetry generator—the energy momentum tensor T (z, z).
The first question one asks, what is the central charge of the
CFT. We start from the cases of supergroup manifolds. Here we
follow the arguments of [17]. We are interested in exact non-
perturbative calculation of the correlation function T T . First of
all, as it was shown in [17] using the Zamolodchikov’s equa-
tions for different components of T , the coefficient α in the
Sugawara constructed component Tzz = α Str(JzJz), should be
equal to zero, and hence the energy–momentum tensor is holo-
morphic. Then with a normalization Tzz = − 12λ2 Str(JzJz) we
are interested in extraction of the central charge from a nonper-
turbative calculation of〈
T (z)T (w)
〉= 1
4λ4
〈
Str
(
Jz(z)Jz(z)
)
Str
(
Jz(w)Jz(w)
)〉
(16)= c/2
(z − w)4 .
The crucial observation which enables a nonperturbative cal-
culation is that in the expansion of Jz all higher loops come
proportional to the contractions of the structure constants with
themselves, which give zero because of vanishing of the Killing
form (the dual Coxeter number) of the algebras OSP(2n+2|2n)
and D(2,1;α). It means one can use just the free fields A in-
stead of currents:
(17)Jz → ∂A, Jz → ∂A
with the action
(18)S = 1
4πλ2
∫
d2x Str
(
∂μA∂
μA
)
.
The propagator for the field A should respect the supergroup
symmetry. For example, for the OSP(2n + 2|2n) case we can
chose
AIJ =
(
aij bij
cij dij
)
with Grassmann even matrices a, d and odd b, c, such that it
preserves the form
G =
(
12n+2 0
0 G
)
, G =
(
0 1n
−1 0
)
:AT G = −GA,
2n nwhich leads to
aT = −a, dT = GdG, bT = −Gc, cT = −bG.
The following index structure of propagators respects this sym-
metry:〈
aij (z)akl(w)
〉= 1
2
(δilδjk − δikδjl)
(− ln(z − w)),
〈
dij (z)dkl(w)
〉= −1
2
(δilδjk − GikGjl)
(− ln(z − w)),
〈
cij (z)ckl(w)
〉= 1
2
δjlGik
(− ln(z − w)).
Using these propagators, Wick theorem applied to (16) with
substitution of (17) gives the result〈
T (z)T (w)
〉= 1/2
(z − w)4
meaning that the central charge is c = 1.
There is more compact way to do the same calculations.
Using the matrix realization basis EmIJ for the superalgebra
osp(2n + 2|2n) described above, one can write AIJ of the ac-
tion (18) as AIJ = ∑m amEmIJ . The propagator for am is just
free field propagator 〈am(z)al(w)〉 = −δml ln(z − w). We have
to calculate〈
Str(JJ )Str(JJ )
〉= gmlgpq 〈(∂am∂al)(z)(∂ap∂aq)(w)〉
where gml = Str(EmEl) is bilinear invariant and nondegener-
ate form on the superalgebra. Explicit calculation of the pre-
vious expression reduces just to counting of different genera-
tors with the proper weights and gives the same answer. The
advantage of this method is obvious when we calculate the su-
percoset central charge: one can use the last formula, but the
summation is running only over generators of G which are not
generators of H . This calculation for the PCM sigma model
on the D(2,1;α) supermanifold gives c = 1. For the cosets
D(n+1|n)
A(n+1|n) and
D(2n+1|2n)
D(n+1|n)×D(n|n) we got c = 0. The coset D(2,1;α)(A(1))3
has c = −8.
Of course, the central charge says almost nothing about the
two dimensional CFT—one has to know the full extended al-
gebra of the theory and its representations, i.e., the spectrum
of the primary fields. This problem does not seem solvable
for today, since almost nothing is known about CFTs where
a priori there is no explicit factorization into holomorphic and
antiholomorphic parts, at least for the representations. As it was
shown in [17], one can construct holomorphic algebras, which
are believed remain holomorphic anomaly free on the quantum
level, i.e., they are chiral Casimir like algebras. The question is
whether these algebras contain all the symmetry of the theory.
Another, more realistic for solvability problem is an investiga-
tion of representations of these chiral Casimir algebras at least
on the subset of holomorphic representations. Some steps in this
direction were done recently in [9].
4. Quantum integrability
Here we repeat the arguments [21,22] about the absence of
quantum anomaly in the conservation of the first nontrivial non-
local current for UV asymptotically free sigma models on the
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formal, with either simple H , or semisimple consisting from
identical simple subalgebras. It means we are going to repro-
duce the argument [21] of quantum integrability of the sigma
models on the following supercosets:
B(2i|2j)
B(i|j) × B(i|j) ,
B(m|n)
D(m|n) ,
D(2i|2j)
D(i|j) × D(i|j) ,
D(m|n)
A(m|n) (m = n + 1),
(19)G(3)
D(2,1;3) ,
F (4)
C(3)
with i > j and m > n.
Recall that sigma models on symmetric spaces are always
classically integrable due to a possibility to construct a parame-
ter dependent flat connection. The same is true for symmetric
superspaces (see, e.g., [33,34] and references therein). In the
same way as in the usual (not super) symmetric spaces one can
construct the first nontrivial nonlocal conserved current [20]:
Q(2) = 1
2
∫
dy1 dy2 ε(y1 − y2)
[
j0(t, y1), j0(t, y2)
]
−
∫
dy j1(t, y).
(20)ε(x) =
{
1, x > 0
−1, x < 0.
The action of 2d NLSM on symmetric superspace G/H is de-
fined in terms of currents
S = 1
4π2λ2
∫
d2x Str
(
kμk
μ
)
= 1
4π2λ
∫
d2x Str
(
jμj
μ
)
,
kμ = G−1DμG = G−1(∂μG − GAμ),
jμ = −G−1kμG,
where Aμ is the H current. Equations of motion can be written
as
Dμk
μ = ∂μjμ = 0.
Potential source of anomaly on the quantum level is the first
term in (20), since product of operators at the same point re-
quires regularization. One can say that there is no anomaly if
there exists a regularization procedure for Q(2) which preserves
its conservation. The arguments of [21,22] are based on the
counting of all possible terms compatible with the symmetries,
which can appear in the operator product expansion of two cur-
rents. The counting of such terms is possible if one can trust
to engineering dimensions of operators in the UV. This is guar-
anteed in the asymptotically free theories, and that is why we
consider NLSM from list (19) with the restriction i > j , m > n.
So the starting point is the splitting point regularization of OPE[
jμ(t, x + ε), jν(t, x)
]=∑
k
C(k)μν (ε)Y
(k)(t, x)
where Y (k) is a complete set of local operators of dimension
not greater then two, such that C(k)μν (ε) is divergent or nonzerowhen ε → 0. All possible operators Y (k) should be consistent
with the existing symmetries. The left hand side is globally
G-covariant and locally H -invariant, so the same should be
on the right hand side. One can count all possible composite
operators of dimension not greater then 2 with these symme-
try properties. If one chooses a hermitian matrix realization
for G: gg† = 1, any operator of this kind can be written as
L1gL2g† · · ·L2k−1gL2kg†, where Li is a product of any num-
ber (including zero) of covariant derivatives Dμ. Not all of
these operators are independent. There are no operators of di-
mension 0 of this kind, there is one independent operator of
spin 1—it is gDμg† ≡ jμ, and one can chose two independent
operators of dimension 2. The first is DμDνgg† ≡ gFμνg†,
and the second—DμgDνg† + gDμDνg† ≡ ∂μjν . Here Fμν is
the stress tensor in the subgrpoup H . The irreducible parts of
gFμνg
† in the case of semisimple H , are G(i)μν . We also used
the fact that symmetric superspace G/H is by itself an irre-
ducible representation of H . The proof of this statement [35]
for the nonsuper case uses, in addition to the symmetricity prop-
erty, the fact that G is simple, and existence of invariant bilinear
nondegenerate form on G. The only subtle point in copying of
this proof on symmetric superspace case is the last one: the nat-
ural form—the Killing one—is identically zero for few cases
of symmetric superspaces. But as we said, there exists another
bilinear form, which is invariant and nondegenerate. It can be
successfully used in this proof instead of the Killing form, and
the proof still works. Finally, the most general form of possible
singular terms in the Wilson expansion is[
jμ(t, x + ε), jν(t, x)
]= Cρμν(ε)jρ(x) + Dσρμν(ε)∂σ jρ(x)
(21)+
∑
i
E(i)σρμν (ε)G
(i)
μν(x).
Moreover, because of identity
∑
i G
(i)
μν = ∂μjν − ∂νjμ one can
impose
(22)
∑
i
E(i)σρμν (ε) = 0.
Lorentz and PT invariance and charge conjugation of (21) lead
to an ansatz for unknown coefficients C,D,E with some prop-
erties of their transformation under inversion of their argument
sign. In particular,
Cρμν(ε) = C1
(
ε2
)
gμνε
ρ + C2
(
ε2
)(
εμδ
ρ
ν + ενδρν
)
+ C3
(
ε2
)
εμενε
ρ,
E(i)σρμν (ε) = E(i)
(
ε2
)
εμνε
σρ.
Ward identity applied to (21) gives first order differential equa-
tions on the scalar functions Ci , Di , E(i) [21]. One can show
that these equations have a solution. The most singular part on
the right-hand side of (21) is defined by C1(ε2) ∼ 1/ε2, and
(21) implies that the regularization
Q
(2)
δ =
1
2
∫
|y1−y2|>δ
dy1 dy2 ε(y1 − y2)
[
j0(t, y1), j0(t, y2)
]
− Zδ
∫
dy j1(t, y),
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Λ∫
δ
dx C1
(−x2)x
has a finite limit when δ → 0 (Λ here is an irrelevant IR cut-
off). Explicit calculation of dQ(2)δ /dt using (21) and differential
equations for Ci,Di,E(i), gives finally
dQ
(2)
δ
dt
=
∑
i
E(i)
∫
dy εμνG(i)μν(t, y).
One can see that in the case of simple H we have zero on the
right-hand side just because of condition (22). Moreover, if we
have semisimple H composed as a tensor product power of one
simple H ′: H = H ′ × H ′ × · · · × H ′, there is no reason why
corresponding E(i) for each H ′ should be different. Due to the
same condition (22) we again get zero. It completes the proof
of absence of anomaly in the nonlocal current conservation for
the symmetric superspaces from the list (19). Let us emphasise
again that the anomaly analysis presented here is a complete
copy of the analysis for the purely bosonic case, since the pres-
ence of the Grassmann odd variables does not change any of the
steps described above.
An important remark is in order here. As it was mentioned
in [20], if one computes the potential anomaly terms coeffi-
cients Ci , Di , E(i) explicitly, they (including C1) turn out to be
proportional to the dual Coxeter number of the group G. There-
fore the renormalization procedure scheme of Q(2)δ described
above does not work for supercosets with G either A(m|m), or
D(m+1|m), or D(2,1;α), since for them C1 = 0. It shows that
conformal invariant cases are different and cannot be consid-
ered on the same footing with other quantum integrable sigma
models. At least role of nonlocal currents on the quantum level
are different in the conformal and integrable symmetric super-
spaces NLSM.
5. Discussion
We saw that beta function for symmetric superspaces of reg-
ular type (1) can be easily calculated in one loop. Those cases
where the beta function is negative (the value of the second
Casimir operator on the coset is positive), one can expect an
asymptotical freedom behavior. We have shown, that in the
case of vanishing of one loop beta function, both in the case
of supergroup manifold and in the case of supercoset spaces,
the two loop beta function vanishes. In the case of the super-
group manifolds, the proof of [17] of all loops vanishing of
beta function on the supermanifold PSL(n|n), can be copied
to the cases of supermanifolds D(n+1|n),D(2,1;α). It would
be important to extend the all loops conformal invariance proof
to supercosets we considered, and to investigate higher orders
perturbation theory conformal invariance for other Ricci flat su-
percosets constructed recently in [36].
One of the possible tools of analysis of these new two di-
mensional CFT may be investigation of the chiral algebra of
Casimir operators. Recall, that by conjecture of [17] the alge-
bra of operators
W(k) = ti1i2...ik J (i1)(z)J (i2)(z) · · ·J (ik)(z)where t is invariant tensor of rank k, remains chiral also on the
quantum level. It seems such a conjecture should be universal
for all the conformal NLSM (19). Of course, there is a ques-
tion whether such algebras contain the full symmetry of these
models, but in any case, an understanding of their structure and
especially of their representations, including the spectrum of
primary fields, is an important and challenging problem. An-
other interesting open question is the relation between these
NLSM CFTs and WZW models for the same supergroup (su-
percoset) manifolds [9].
In the last section we saw that the standard arguments
about the absence of anomalies in nonlocal current conservation
known for the symmetric nonsuper cases may be generalized to
the super case. It would be interesting to extend the all orders
perturbation theory analysis of nonlocal currents developed in
[37] to the NLSM considered here. Note that as we mentioned,
there is an obstacle on the way to treat conformal NLSM (19)
on the same footing as integrable ones: the proof of absence
of anomaly in the nonlocal current conservation does not work,
at least formally. Quantum integrability poses a question about
construction of their exact (relativistic) S-matrices. This prob-
lem requires an understanding in which representation of G
leaves the fundamental massive multiplet of G/H for all the
cases. One can also expect serious problems in the bootstrap
program realization, since, as usual, it goes in parallel to the
construction of a “fusion ring” of representations of algebra G,
and situation here is much more involved compared to the case
of nonsuper spaces, mainly because of atypical representations,
which complicates the S-matrix construction (see, e.g., [38]).
Of course the permanent problem of fixing of CDD ambigu-
ity is also there. All these interesting and not simple problems
are important in applications of 2d NLSM on supermanifolds
to problems of condensed matter and string theory.
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